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Exercise 1 (Eigenvalues). Let n ∈ N and A ∈ Cn×n be a matrix. Show:

(a) If � ∈ �(A) is a right eigenvalue, then � is also a left eigenvalue.

(b) If A is hermitian, then it follows that �(A) ⊂ R.

(c) If A is a diagonal matrix, then the eigenvalues are located on the diagonal.

(d) If A is real and � ∈ �(A) is an eigenvalue, then � ∈ �(A) also is an eigenvalue.

Hint. We call � a right eigenvalue of A if there exist a vector v ∈ Cn, such that Av = �v. We call � a
left eigenvalue of A if there exist a vector u ∈ Cn, such that u⋆A = �u⋆.

Exercise 2 (Square roots of positive definite matrices). Consider the symmetric positive definite
matrix

A =
[

20 −4

−4 20]
.

(a) Compute the eigenvalues and eigenvectors of A.

(b) Compute a positive definite matrix B, such that B2 = A.

Hint. Use the spectral decomposition of A.

(c) Do there exist other square roots of A? Are they positive definite?

Exercise 3 (Vandermonde matrix). Let n ∈ N and xi ∈ R, 1 ≤ i ≤ n + 1 with xi ≠ xj for i ≠ j .
Then the Vandermonde matrix of these points x1, … , xn+1 is defined as

V =

⎡
⎢
⎢
⎣

1 x1 ⋯ xn1
⋮ ⋮ ⋮

1 xn+1 ⋯ xnn+1

⎤
⎥
⎥
⎦

.

(a) Show that det(V) = ∏
i≠j

(xi − xj). Conclude that V is invertible.

Hint. Use a recursion on the dimension of the matrix, starting with a 2 × 2 Vandermonde matrix.

(b) Let Li(x) = ∏
j≠i

x−xj

xi−xj
be defined as the i-th Lagrange polynomial of the points x1, … , xn+1.

Show that

Li(xj) =

{

1, i = j;

0, i ≠ j.

(c) Let Li(x) = L1,i + L2,ix + ⋯ + Ln+1,ix
n and define the matrix

L =

⎡
⎢
⎢
⎣

L1,1 ⋯ L1,n+1
⋮ ⋮

Ln+1,1 ⋯ Ln+1,n+1

⎤
⎥
⎥
⎦

.

Show that L = V−1.



Exercise 4 (Gerschgorin’s theorem). A matrix A ∈ Cn×n is called strictly diagonally dominant, if

|ak,k | > ∑

�≠k

|ak,�|, k = 1, … , n.

Use Gerschgorin’s theorem to prove the following statements: If A is strictly diagonally dom-
inant, then A is invertible. If A is real, symmetric and ak,k > 0 for all k = 1,… , n, then A is
positive definite.

Exercise 5 (Companion matrix). Let n ∈ N and ci ∈ R, 0 ≤ i ≤ n. The Frobenius companion
matrix for these coefficients c0, … , cn is defined as

C =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 0 ⋯ 0 −c0
1 0 ⋯ 0 −c1
0 1 ⋯ 0 −c2
⋮ ⋮ ⋱ ⋮ ⋮

0 0 ⋯ 1 −cn

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.

(a) Show that (−1)n+1 det(C − �In+1) = c0 + c1� + ⋯ + cn�
n + �n+1.

Hint. Develop the determinant using the last row of C and apply an inductive argument using a
well chosen submatrix.

(b) Let �j , 1 ≤ j ≤ n + 1 be the eigenvalues of C. Provided that the �j ’s are all different,
show that C is diagonalizable with spectral decomposition

C = V
−1
DV,

whereD is the diagonalmatrix containing the eigenvalues ofC andV is theVandermonde
matrix based on the eigenvalues of C.


