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Exercise Sheet 6. Due: Monday, 03.11.2025, 12:00.

Exercise 1 (Tridiagonal matrices). Consider the tridiagonal matrix D € R™" given by

a y 0
0 B«

Show that, the eigenvalues of D are

. kr
A =a+2 ﬁy51gn(ﬂ)cos<n+ 1), fork=1,...,n.

Furthermore, show that the corresponding eigenvectors vy, ..., v, fulfil

i-1

7 .
[Vili = (E> Sin( ik ), forik=1,...,n,
Y n+1

where [vi]; denotes the i-th entry of vy.

Exercise 2 (Lanczos algorithm). The matrix

4 -2 -2
-J2 1 3
—-J2 3 1

is given. Apply the Lanczos algorithm on the matrix A with starting vectors z; = [1,0,0]7

and z, = %[ V2,-1,1]7 and explain the observed behavior.

A=

NS

Exercise 3 (Lucky break in the Arnoldi iteration). Consider the Arnoldi algorithm for A € R™"
invertible and an arbitrary z € R" \ {0}. Show that in the case hy+1m = 0, i.e. when the
Arnoldi algorithm has ended, the m-th step gives x = A™'z € K,;n(A, z).

Exercise 4 (Linear least squares problem).

Consider the matrix

A:§2 2 —4 -1

1 [8 2 4 4 ]T
(a) Derive the singular value decomposition of A.

(b) Derive the pseudoinverse A" with the help of the singular value decomposition as well
as with the equality A* = (ATA) AT,

(c) Use A™, to solve the linear least squares problem defined by A and b = [1, 2, 3, 4]".



