DENSITY ESTIMATION

Estimating an Unknown
Probability Density Function

Th&Ko §2.5 / DHS §3.1-3.4

Density Estimation

e Parametric techniques
e Maximum Likelihood
e Maximum A Posteriori
e Bayesian Inference
e Gaussian Mixture Models (GMM)
— EM-Algorithm

e Non-parametric techniques
e Histogram
e Parzen Windows
e k-nearest-neighbor rule




Estimation of an unknown PDF

Task:

Estimate the parameters @ of a pdf with known structure from a set of data X.

(e.g. p(x)=p(x;@) isknown to be Gaussian N (x,2), with unknown € =[u,

..... ;1,,0'1‘1,....,':)]‘,]T )
Formal:
Let X;, X,ueen, x, known and independent (i.i.d.) X ={x,,X,,..x,}
Let p(x) be known within a vector parameter 0: p(x) = p(x;6)
P(X;8) = p(X X, Xy:6)
= i[lp(lk;g) which is known as the likelihood of @ w.r.to X
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Maximum Likelihood Method ( ML )

» Search for the parameter ©,, that maximizes

n N

QML:: arg max II p(lk’Q)
6 k=1

. o H N7 X 9
- a necessary condition o P(X, @)
o(4)

=0

- since IN is monotonic we can write the log-likelihood
N
L(@)=1Inp(X;8)

— = In p(x,;:8)
k=1

~  oL(g)

1 op(x,.9)
=ML * a(g) _k

tp(x,.0) a(9)

™Mz

=0




Properties of Maximum Likelihood Method

If there is a true value O, the ML estimate ©,, has the following
properties (no proofs):

a) 0,, is asymptotically unbiased and converges in the mean.

p(x) = p(x;8,), then lim E[0,, 1=6,

N —oc

b) ©,, is asymptotically consistent and converges in probability.

~

Oum — 0| < ¢ }:1

lim prob {

N —oc

c) ©,, is asymptotically consistent and converges in mean square.

~ 2
lim E[HQML—QO ]=0
N —>oc
ML Example 1:
P(x): N (u,2): p unknown
Xps Xgun Xy
1 l T -1
p(lk) = p(lkrﬁ) = ﬁexp( _7(5\( —ﬁ) > (ék _ﬁ))
(271')2‘2‘E

" . 1 T 5=l
L(ﬁ)=|n£{1p(lk;ﬁ): Z[C*E(kaﬁ) z (ikfﬁ)J

=1

=~

o(a’ A
Remember :if A= AT o & A 2Aa
oa




ML Example 2 :

pP(x): N(u,2): p,Z=0

XX

p(x,) = p(Xix.0®)

’] unknown

1 2
2 z)yEXP(—Z(?(&—ﬁ) )
T o")?

N N 1
L(g,0?)=I 0 p(x,;p,0°)= Z-=In@2z'c?) -
— k=1 — k=1 2

N

k=120

1 .
T (X, - )

oLl v 1 TN
P > (X, - 4) \ = ﬁML:WEAk
o | ﬂ{f | 1@ L,
6@ | | &1 o . 13 :
|L60'2J| Lil(ZﬂZO'2 +kZ:120_4 (= p) J = Owm _WE(L( 74ﬁ)
/

| However, the

true u

isunknown, therefore we have to use ‘”ML|

Maximum Likelihood estimates are only asymptotically unbiased,
so N should be large enough !

ML Example (3) :

P(x): N(u 2): g,2:>< unknown
Rl

X Xoen Xy €

P(x) = p(X;4,2)

1 1 gt
I G V) RN € D)
(27)?[5[z

N N 1N n
L(g,0®)=InT1 p(x,;p,0%) = ——In@2z'[2) - =2 (x, - 4) =7 (x, - &)
- k=1 - 2 2 k=1 S =
[ oL ]
[ 1N
| aﬁ | = £Zn =sz,1lk
| oL | )
aL(o Iazu } 1] T
@) =|. [Ep—— =0 = EML:szzl(lk_ﬁML)(zk_l_lML)
o(0) | |
| |
| | Maximum Likelihood estimates are only
I oL I asymptotic unbiased, so we need a large N !
| 9Zu | WARNING: An unbiased estimator is also

no guarantee for a correct result!!
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Maximum Aposteriori Probability estimation
(MAP)

» ( In ML 8 was considered as a parameter )
Here we shall look at 8 as a random vector

described by a pdf p(8), assumed to be known

> Given X

Compute the maximum of p(&|X )

» From Bayes theorem

p©)p(X|0)
P@)P(X[0) = P(X)P(O]X) or p(g|X) = _p(—x)L

» The method:

éMAP =arg me p(Q‘X) or

~ 0
Gunr i — (P(@)P(X]0)) =0
20

If p(@) is uniform or broad enough Q

MAP = QML

™ PX16) A
¢ p(o) [

Ho
(a)




+ MAP Example:

p(x): N(x,= =o’l), # unknown
X _{51""'XN}
2
|- 2,
p(u) = exp( - o)
2 1 o,
(2rx) o,

_ N N .
e —In(IT p(x,|p)p(u)) =0 or T = (x, - A)-—5(4-p)

k=1 =" k=1 o = gl o

o
o-i N
Ht AR,

= EMAP 2

o—l

1+—N
o
O'Z 1 N
£ 1 ~ [ S

For ?>>1,0I’f0rN4>oo a =4 Nkzﬂlk
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