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Estimating an Unknown 

Probability Density Function 
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Density Estimation 

• Parametric techniques 

• Maximum Likelihood   

• Maximum A Posteriori 

• Bayesian Inference 

• Gaussian Mixture Models (GMM) 

– EM-Algorithm 

 

• Non-parametric techniques 

• Histogram 

• Parzen Windows 

• k-nearest-neighbor rule  
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Estimation of an unknown PDF 

1 1,1 ,

T ask:

      Estim ate the param eters  of a pdf w ith know n structure  from  a set of data  .
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Form al:
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  Maximum Likelihood Method ( ML ) 

 
 Search for the parameter ΘML that maximizes  
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– a necessary condition  
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– since ln is monotonic we can write the log-likelihood  
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Estimation of an unknown PDF 
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If there is a true value Θ0 , the ML estimate ΘML has the following  

properties (no proofs): 

a)  ΘML is asymptotically unbiased and converges in the mean.  
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  Properties of Maximum Likelihood Method 
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b)  ΘML is asymptotically consistent and converges in probability.  
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c)  ΘML is asymptotically consistent and converges in mean square.  
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ML Example 1: 
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ML Example 2 : 
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 H ow ever,  the true      is unknow n,  th erefore w e have to  use   
M L

 

Maximum Likelihood estimates are only asymptotically unbiased,  

so N should be large enough !  
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ML Example (3) : 

      WARNING: An unbiased estimator is also 
no guarantee for a correct result!! 
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      Maximum Likelihood estimates are only 

asymptotic unbiased, so we need a large N !  
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Estimation of an unknown PDF 

  Maximum Aposteriori Probability estimation 
     (MAP) 

 
 ( In ML θ was considered as a parameter ) 

    Here we shall look at θ as a random vector  

    described by a pdf p(θ), assumed to be known 
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     Compute the maximum of  
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 The method: 

ˆ arg m ax ( )  or
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 MAP Example: 

 

)
2

exp(

)2(

1
)(

unknown  ),,(  :)(

2

2

0

2

1

2






















l

l

N

p

x,...,xX

INxp

       0))()(ln(           :
1











 pxp
k

N

k
MAP



N

x
k

N

k

MAP

2

2

1
2

2

0

1

ˆ    























      Nfor or  ,1  
2

2







For

2 2 01

1 1
ˆ ˆ     or      ( ) ( ) 0

N

k
k

x



  
 

    

k

N

kML
x

N 1MAP

1
ˆˆ           



 


