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Local time-stepping
®0

What is local time-stepping?

Local times-stepping, i.e advancing elements by their maximum
locally defined time step, is used when the elements in the mesh
differ greatly in size. This helps to reduce the computing time. But
to ensure the stability of the method, one must then select the
time step depending on the smallest local step.
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What is local time-stepping?

Figure: geometric features
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Model problem

The (Damped) Wave Equation

We now consider the time-dependent wave equation,

U +ouy — V- (2Vu)=Ff inQx(0,T)
u(t)=0 ondQ x (0,T) (1)
u(+,0) = wo, ue(-,0) =w in Q.

a standard model problem for wave phenomena.
e Q bounded domain in R, ¢(x) >0, o(x) >0
o fe[2(0, T; %)) a (known) source term
o up € HY(), vo € L%(Q) prescribed initial conditions
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Model problem

Weak formultaion

We now multiply our problem (1) with a test function v € C§°():

Find v : [0, T] — H(R) such that

(use, v) + (oug, v) + (cVu, cVv) = (f,v) Vv e H}(Q), t € (0.T),
Uj,_, = Uo in Q,

ut|t:0 =\ in Q

()
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Semi-Discrete Galerkin FE Formulation

Semi-Discrete Galerkin FE Formulation

The discretization in space leads to a system of ODE's

d? d
MZY e+ M, () 4 Kue) = R(), te (0, T),
dt? dt (3)
MU(O) = . MEL(0) =
dt
h h

where ug, vy are suitable approximations to the initial conditions.
The stiffness matrix K and the mass matrix M are sparse.
Moreover, the mass matrix M is SPD and (block-)diagonal.
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Semi-Discrete Galerkin FE Formulation

Advantages of RK method

@ One-step method, no starting procedure
@ Time adaptivity straightforward

@ Larger stability regions (but more work per step)
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Derivation

To apply a RK method to (2), we first need to rewrite it as a
first-order system.

1 1
Multiply (3) with M2 and M™2 to get:

2Z ~
C2()+ (1) + A(t) = R(1) (4)
where z(t) = M2U(t), D =M 2M,M3, A=M :KM~3,
R(t) = %R(t) and
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Derivation

The matrix A is sparse, symmetric, and positive semidefinite. We
now rewrite (4) as a first-order system

() =By()) +F(r), te(0.T) (5)
y(O) = Yo,

where we have introduced
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Derivation

RK-methods and numerical integration

/() = By(t) + F(2) |

ki = By, + F(ta),

[ 31 At
ko, =B yn+At? +F tn+7 >

k> At
ks =B (¥, + At ) +F(tat — ),

ks = B(y, + At k3) + F (t, + At),

i i S i =)

o=l O O W=
Wl O N

Q=

1
6

Vi1 = Yo+ % (ki +2ko + 2ks + k). Figure: Coefficients of the classical
RK4 (order 4)
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Derivation

Derivation

Let us now split y and F in two parts
y=(1-P)y+Py, P2=P
F=(0-PF+PF,P°=P

Then, we have

¥y =By +F=B(I-P)y+BPy+ (I -P)F+PF

or

th+EAE
Y(t+ EA) = y(ta) + / Bylel() + Flel(¢) dt

th+EAL
/ By (1) + Fl(t) dr, 0<¢<1
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Derivation

Coarse part

tntEAL
/ Byl(t) + Fll(¢) dt
tn

tn+EAL 4
/ Byll(t) ~ ¢AtB (Z by () (tn + c,-gAt)>
tn i=1
LS deary
~ EAtB(1 — P) Z biz Ry 0 (1) ()

i=1  j=0
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Derivation

Repeated use of (5) to evaluate the derivatives y/ of y above then
leads to

th+EAL
/t B(1— P)y(t)

J
By, + > B/ 'FUN(ty)
1=1
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Derivation

To avoid the derivatives of F(t), we also interpolate F(t) by a
quadratic polynomial trough the points (t,, F,), (tn—&—%’ Fn+%), and

(tn+1, Fnt1). Since the nodes ¢jie. ¢ =0,00 =3 = % and
¢4 = 1 for RK4, the degree of q may be strictly less then 4 — 1 = 3,

T
At +7) = Fa+ o (~3Fa+4F, 1 — Fois)
. (6)

+55p <4F,, —8F,1 + 4F,,+1)
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Derivation

Now, we replace the derivatives of F above by the corresponding
derivatives of g to obtain

y(tn + EAL)
4 3 i J
~y,+B(I-P) [ > b d(fﬁt)} <Bf +) B qU Nt ))
i=1  j=0 ' =1
t+EAL
(- PY(@(tn + EAT) — a(t)) + / (BPy(t) + PF(1)) dt,

where §'(t,) = q(t). Because, F is known, so are q and §, and
thus all terms needed involving FIl(t), for advancing the solution
are explicitly known.
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Derivation

Fine part

th+EAL £At
/ (BPy(t) + PF(t)) dt ~ /0 (BPy(7) + PF(t, + 7)) dt

n

where §(7) solves the following differential equation for 0 < 7 < At:

4
= (r) =B(1 = P)ly, + 7(By, + Fu)
dr
+7 (B2, + B, + T2 Ty 7P
2 Yn " At
7 (ety, +8F, 4B Ty mFe
6 Yn " At
4F, — 8F 1 +4F, ™
4 nt+35
At? )]
—3F, + 4Fn+% —Fop1 24F, — 8Fn+% + 4F 11
I—P) |F, T
+( ) +r At + 2 At?
+ BP§(7) + PF(t, + 7),
5(0) = y,-
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Derivation

Hence, to adavance y from t, to t, + At, we shall solve (7) by
using the RK4 scheme with a smaller time-step A7 = At/p. In
summary, given y,, the LTS algorithm based on the classical
explicit RK4 method for the solution of (5) computes

Yoi1 = Y(tn + At) as follows.
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Derivation

Algorithm: LTS-RK4(p)

e Set 90 = yn'
@ Compute
wno := B(l = P)y, + (I — P)F,,
—3F, + 4Fn+% —Fnna
At ’
—3F, + 4F,,+l . Fn+1>
2

w,1 :=B(l - P)(By,+F,)+ (1-P)

n2 = B(l — P) | B BF,
Wh,2 ( ) ( Y, + + At
4F, — 8Fn+% —+ 4F,,+1

At? ’
—3F, +4F 1 — Fo1
2

At

+(1-P)

w3 :=B(I—P) (B3yn +B°F,+B

—+

4F, — 8Fn+% —+ 4Fn+1
At? '
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Derivation

e For m = 0,...p-1, compute

m m®
= Wp 0+ MATW, 1 + 7AT W, 2 + ?AT Wj 3

x
=
s
AR

+ BPym + PFp m,
P

1\2
k2 m+1 —wng-&-(m—t- )ATWM-&- <m+ 5) Arzw,hz
P
! LY ar BP (§m + 2Tk PF
+6 m+§ T Wp3 + y%+71ym;rl + nmtdo

1
K, me1 == Wpo + <m+ 7) ATwn,1 +

1 1
+g<m+5> Ar’w,s + BP

1
kK, mt1 :=Wpo+ (m+1)Arw, 1 + 5 (m+ 1)2 A‘rzwng

1
+3 (m+1)®A7w, s + BP (Sm + ATk, mi1 ) + PFpmi1,
P

P

. . 1
Ymer =ym + EAT <k17m+1 + 2k, mi1 +2k; mi1 +k, m+1>
P P ) P

Q Sety,., =¥
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Numerical results
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Derivation

1D examples

We consider (1) with
@ Source data

f(x, t) = cos(mx) ((7r2 - 1) sin(t) + o cos(t))

Exact solution: ( ¢ =1)

u(x, t) = sin(t) cos(mx).

@ Computational domain: _
Q=1[0,6], Q°"* =1[0,2] U[4,6], Q" = [2,4], p> 1

[ |
0 2 4 6

@ Damping coefficient: ¢ = 0.1
@ Homogeneous Neumann boundary condition
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Numerical results
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Derivation

local refinement p =2, At = Atgrks

Figure: Numerical and exact solution for LTS-RK4 combined with P FE
with h°@%¢ = 0.025 at time T = 10.
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Numerical results
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Derivation

Figure: Errors of the LTS-RK4 schemes at time T = 10 as functions of
H = h<©@¢_|n the left figure the L?-norm and in the right figure the
Hl-norm.
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Numerical results
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Derivation
We now consider (1) with Neumann boundary, with ¢ =1 and
o = 0 on the interval Q = [0, 1] with end time T = 0.5 and the
initial conditions ug = 0, vy = 0. This yields the following two
exact solutions

Q u(x,t)=g(x)-h (t;—OT) named quasistatic

Q@ u(x,t)=nh (%) named spatially constant

where

[ (x—3)%x3 for x < 3,
g(x) = { (x — g)z (x —1)2, forx > ;
0, fort <0, (8)
h(t) = o e%1+ﬁ, for t € (0,1),
1, fort > 1,

with 7 = 0.1, to = 0.25 and t; = 0.8.
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Numerical results
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Derivation
[P —
f\ %
%
\
\
%

Example 1:

~
s
At
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 S— % 4
Figure: Numerical and exact solution of the quasistatic example for LTS-
RK4 combined with P3 FE with hs¢ = 0.04, Z—; =2attime T =05

and dt =0.3- hf .

ds for forced wave equations
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Numerical results
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Derivation
" error in the L-norm error in the H'-norm
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Figure: Errors of the LTS-RK4 schemes at time T = 0.05 as functions of
H = heas¢ for the quasistatic example. In the left figure the [2-norm
and in the right figure the H'-norm.
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Numerical results
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Derivation

Example 2:

- h, = 20000008-01 snd h, = 1000000801

—numerical solution
——exact solutions
+ refined part

Figure: Numerical and exact solution of the spatially constant example
for LTS- RK4 combined with P3 FE with h%s = 0.2, Z—i = 2 at time
T =0.5and dt =0.3 - hr.
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Numerical results
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Derivation

___emorinthe Lnorm errorin the H'-norm __
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Figure: Errors of the LTS-RK4 schemes at time T = 0.05 as functions of
H = h3*¢ for the spatially constant example. In the left figure the
L%-norm and in the right figure the H'-norm.
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Concluding remarks

e Wave equation with (or without) damping

@ Mass-lumped = block diagonal mass matrix = explicit time
integration

@ support an arbitrary level and depth of refinement while

maintaining the order of accuracy of the underlying
Runge-Kutta method in the L? and H® norms for almost every

example
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THANK YOU FOR YOUR ATTENTION!
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